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Introduction
Bresenham's algorithm 1 is efficient in generating straight lines and quadrics on a raster system. Furthermore, its concept has a wide range of applications such as re-sampling of structured grids 2 , line of sight calculation between a sensor and a target 3 , interpolation in computer numerical control systems 4 , ray casting 5 , ray tracing 6 , volume rendering 7 , three-dimensional map representation 8 , occlusion checking in re-constructing a three dimensional object 9, 10 , navigation for autonomous flight 10 and collision detection 11 .
All these applications involve casting a line between two points and employ a "half and half" approach to extend the Bresenham's Algorithm in a three-dimensional space. A line is sampled by a set of points in the three-dimensional space with a grid. The grid points are selected with respect to the sample points to represent the line. Figure 1 shows the "half and half" grid point selection process. One of the coordinate directions (assume y coordinate as shown in figure 1 ) is used as a driving axis and the line is sampled along that direction. {P i , Q i , R i , S i } and {P j , Q j , R j , S j } are two sets of grid points. Point T i and T j are two sample points from the line. Since T i, P i , Q i , R i and S i are on the same plane so that they have the same y coordinate. The sample point T i is then projected onto the edges P i S i and P i Q i . The x and z coordinates of the grid points, which are closest to the projected sample point, will be adopted. Hence, the grid point S i and R j will be selected in this example. Obviously, the error is faced with a threshold of 2 1 for each coordinate. This three-dimensional extension is equally efficient as the Bresenham's algorithm. Both approaches employ the same mechanism to select the appropriate grid points with a threshold error of 2 1 . Using this threshold error for two-dimensional implementation is natural.
However, there is no evidence to show that threshold error of 2 1 is equally applicable in the three-dimensional implementation. In fact, this heuristic approach does not select the appropriate grid points to properly represent a straight line in a three-dimensional space. This paper discusses a grid point selection mechanism to represent a straight line in a three-dimensional space. An algorithm, which follows the Bresenham's Algorithm approach, is developed. A Voronoi diagram is established to partition the space with respect to the grid.
The grid points, which possess the minimum distance from the line, are selected based on the membership of the sample point. An example is raised to compare the proposed algorithm and the current implementation.
Projected sample point
Bresenham's Algorithm
Bresenham's Algorithm is efficient at selecting a set of grid points to represent a straight line in a two-dimensional space. Space symmetry and computation are two major aspects for the algorithm to earn efficiency.
Symmetry in two-dimensional Space
The Bresenham's algorithm maps a given line segment to the first octant, beginning at (0, 0) and ending at (a, b) by exploiting eight-fold symmetry (on octants). Figure 2 (a) shows a two-dimensional plane. The shaded area is an octant of the plane with a rectangular array of grid points. A line with positive slope less than one is mapped to the first octant for grid point selection. A set of sample points, which is shown as a white dot in the figure, on the line is generated along the x axis with unit interval. The algorithm determines a sequence of grid points with an error no greater than 2 1 as shown in figure 2(b) and 2(c). For a line segment with slope greater than one, the roles of the x and y coordinates in the algorithm swap. Hence, the sample points are generated along the y axis. Furthermore, the grid point selections must be consistent when a sample point is in the middle of two consecutive grid points so that the same sequence of grid points are selected regardless of the starting end point. For a line with negative slope, the algorithm is modified so that one coordinate decreases and the other increases. Finally, the vertical line, diagonal line and horizontal line are all considered as special cases to handle. A detailed explanation of the implementation can be found in reference 12. 
Computation Efficiency
There are two key ideas in Bresenham's algorithm computation, one for computing the distance efficiently and the other for enabling integer arithmetic. They are inter-related.
The first idea involves converting the perpendicular distance between a point and a line to the y-intercept of the line for mid-point comparison with the value 2 1 . Figure 3 illustrates the selection rule for the two choices P and Q, with the corresponding perpendiculars P' and Q' on the line:
Two points and two magnitudes: if ' PP < ' QQ then choose P else choose Q
Mid-point
This grid point will be selected line
This grid point will be selected Line y = 0 
Voronoi Diagram
A Voronoi digram 13 shows the partitioning of a two-dimensional space 2  . Each partition is determined by distances to a specific discrete set of points which are called sites. Two
Voronoi regions R(P, Q) and R(Q, P) are defined between any two sites P and Q (Q  P) as,
and dist(D,Q) are distance functions of the point D from the sites P and Q respectively. Therefore, two regions are defined for every two sites and
A Voronoi curve is defined between two Voronoi regions
of a given set G of sites consists of the set of Voronoi cells
) which is the boolean intersection of all the Voronoi regions ) ,
Hence, a Voronoi cell ) (P V of a specific site P is given as
The boundary of a Voronoi cell ) (P V  is composed of various segments of Voronoi curves
Extension of Bresenham's Algorithm to Three-dimensions
Similar to sampling a two-dimensional line by y-intercept, a three-dimensional line is sampled by a set of intersection points as it pierces a series of planes (parallel to one of the principal planes) through the grid points. The grid points which are nearest to the line are selected to represent a line in three-dimensional space. 
Similarly, there are three other perpendicular distances: A Voronoi diagram can be generated on the square PQRS to determine the membership of the sample point T by defining the distance function as:
Because the grid point with the shortest perpendicular distance to the line is the best approximation, this is where the Voronoi curves come in. As there are four grid points, there Perpendicular distance Apparent distance on the plane Voronoi curves for discriminating the pairs: P versus Q gives curve PvQ, P versus R gives curve PvR, P versus S gives PvS, Q versus R gives QvR, Q versus S gives QvS, and R versus S gives RvS. The equations of the curves PvQ is obtained from equation (3) and is given below while the rest of the Voronoi curve equations are listed in Appendix B. 
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A three-dimensional grid point has twenty six neighbours as choices as shown in figure 7 (a).
Using one principal plane gives two rectangular parallelepipeds. Each parallelepiped has nine choices plus eight that lie in the plane as seen in figure 7(b) . Figure 7 (c) depicts the symmetry resulting from using two principal planes. Six plus five or eleven choices arise. Eight-fold symmetry from three principal planes yields a smaller cube with seven choices to make as shown in figure 7(d) . In addition to the principal planes, there are the "diagonal" planes.
Slicing the small cube into two "wedges" gives six vertices each. Five of them are choices as shown in figure 7(e) . Slicing the small cube with two "diagonal" planes gives a "four-sided pyramid" with five vertices. Four of which are candidates for choice as illustrated in figure   7 (f). 
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Now, when the Voronoi diagram in the square (with grid points P, Q, R and S) is taken into account, it can be seen that partitioning by the diagonal SQ is inferior to the diagonal PR.
As shown in figure 9(a) , there is a finite probability of resulting in an incorrect grid point selection. The intersection point (between the line segment and the square) might fall in the lens-like area between SQ and the Voronoi curve which will be mapped to grid point R incorrectly instead of grid point P. Therefore, the other diagonal PR as shown in figure 9(b) is chosen to avoid this situation. Such a selection is achieved by choosing the grid points with coordinates (x, y, z) and (x, y+1, z+1). 
The Algorithm
The original approach 1 of Bresenham's algorithm for plotting a two-dimensional line between grid origin (0, 0) to a grid point (a, b) is adopted to present the three-dimensional For illustration, the function PvQ for discriminating the two grid points P(x, y, z) and Q( x, y+1, z+1) returns a numerical value: greater than zero, equal to zero and smaller than zero.
End -function
The details for the three-dimensional Bresenham line algorithm are ready:
Step 2 x = j; y = v; z = w;
Step 3 figure 10(c) , the x, y, z coordinates will be rotated to z, x, y coordinates. And the sampling is performed along the z axis.
Discussion
It is necessary to inquire if the Bresenham's algorithm can be extended to three dimensions since the line representation in a discrete three-dimensional space arises in many engineering applications. A reasonable place to start is to employ a "squaring" heuristic. If the two-dimensional selection is formulated as a comparison between the y-intercept of the given line with the value of 2 1 (in the y-axis), then the three-dimensional selection is one on a square of unit area (involving both x and y). Reasoning suggests that the number of choices should also be "squared". The two-dimensional selection in each octant has two choices; the three-dimensional problem should have four candidates. A simple algorithm for candidate (grid point) selection is to obtain the grid point (among four candidates) which has the figure 12(b) . This is the special three-dimensional case in which the two-dimensional idea extends directly. In general, the partitions are bounded by algebraic curves as shown in figure 12 (c).
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The Voronoi diagram for the "half and half" approach which projects the sample point onto the edges of the square PQRS to determine the grid point is shown in figure 13 . One-dimensional Voronoi cell of a grid point (black dot) in 2D space with points (white dots) as Voronoi boundaries two-dimensional technique does not extend readily to three-dimensions. Hence, the "half and half" approach does not really select the right set of grid points, which should possess the minimum distances from the line, to represent a line in three dimensions.
Summary
The generalization of Bresenham's algorithm to three-dimensional has been manifested. A Voronoi diagram is employed for grid point selection. The proposed algorithm yields a more accurate grid point representation for a three-dimensional line. Similar to the Bresenham's algorithm, the three-dimensional algorithm also makes use of the symmetry to raise the computation efficiency. In addition, the computation efficiency is further improved by setting up a simple hierarchy to reduce the number of distance computation and comparison.
However, the deployment of integer arithmetic does not seem encouraging due to the algebraic Voronoi curves. 
